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Abstract: A dominating set D of a graph G = (V| E) is a split dominating set
if the induced subgraph (V — D) is disconnected. The split domination number
7s(@G) is the minimum cardinality of a split dominating set of G. The set of vertices
is a v, - set if it is split dominating set with ~v,(G). In this paper, we obtain the
total number of 7,-sets, the Partially Balanced Incomplete Block (PBIB)-Designs
on ,-sets of certain jump sizes of Circulant graphs with m-association schemes for
1<ms< 2]
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1. Introduction

All graphs considered here are finite, undirected and connected with no loops and
multiple edges. As usual p = |V] and ¢ = |E| denote the number of vertices and
edges of a graph G, respectively. For additional definitions and notations, the
reader may refer to [7] and [11].

For a given positive integer p, let sq, so, ..., $; be a sequence of integers where 0 <
$1 < 89 < ...< s < . The Circulant graph C,(S) where S = {s1, 2, ..., 5}
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is the graph on p vertices labelled as vy, v, ..., v, with vertex v; adjacent to each
vertex vits;(mod p) and the values s; are called jump sizes.

The certain jump sizes of circulant graphs are important in digital encoding; this is
a wondrous technology it enables devices ranging from computers to music players
to recover from errors in transmission and storage of data and restore the original
data, see [15].

Bose and Nair introduced a class of binary, equi-replicate and proper designs,
which are called Partially Balanced Incomplete Block (PBIB)-Designs. In these
designs, all the elementary contrasts are not estimated with the same variance.
The variances depend on the type of association between the objects. There are
many applications of PBIB-Designs in cluster sampling, digital fingerprint codes,
in architecture of web solution. For more details, we refer to [1], [5] and [6].

Given v elements (objects or vertices), a relation satisfying the following conditions
is said to be an association scheme with m classes:

(i) Any two elements are either first associates, or second associates, . .., or m!"

associates, the relation of association being symmetric.
(ii) Each object x has ny k' associates, the number n; being independent of z.

(iii) If two objects z and y are k' associates, then the number of objects which

are 1" associates of x and j** associates of y is pfj and is independent of the

k' associates x and y. Also pf; = ph,.

With the association scheme on v objects, a PBIB-Design is an arrangement of v
objects into b sets (called blocks) of size g where g < v such that

(i) Every element is contained in exactly r blocks.

(ii) Each block contains ¢ distinct elements.

(iii) Any two elements which are m' associates occur together in exactly A,
blocks.

The numbers v, b, g, 7, A1, Ao, ..., A\, are called the parameters of the first kind,

whereas the numbers ny, na, ..., N, pfj (i, 7, k = 1, 2, ..., m) are called the

parameters of the second kind. For more details, we refer to [4].

A subset D C V is said to be a dominating set of a graph G, if every vertex in
V — D is adjacent to some vertex in D. The minimum cardinality of vertices in
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such a set is called the domination number (G). For complete review, we refer to
8], 9], [10], [12] and [13].

A dominating set D of a graph G is a split dominating set if the induced subgraph
(V — D) is disconnected. The split domination number ~,(G) is the minimum
cardinality of a split dominating set. The minimum split dominating set D with
|D| = v5(G) is called 75 - set. This concept was introduced by Kulli and Janakiram,
see [14].

Slater [16] has introduced the concept of the number of dominating sets of a graph
G, which he denoted by HED(G) in honor of Steve Hedetniemi. In this paper,
#7v5(G) is used to denote the minimum number of vs-sets of G. PBIB-Design
associated with domination related parameters are studied by [2], [3] and [17].

2. Circulant graph C,(1)
The jump size of Circulant graph is one, known as cycle C, with p > 4 vertices.
That is, Cp(1) = Cp; p > 4.

Proposition 2.1. [14] For any Circulant graph C,(1); p > 4 vertices,

WD) = ]

Theorem 2.1. The collection of all vs-sets of a Circulant graph C,(1); p = 3n,
n > 2 vertices form a PBIB-Designs with || - association scheme and parameters

arev=p,b=3, g= [g-‘,rzl and
I 1, ifm=3t;t>1
" 0, otherwise.

Proof. For a given Circulant graph C,(1); p = 3n, n > 2 vertices labeled as

V1,02, ..., v,. By Proposition 2.1, we have ~,(Cy(1)) = [&].
Further, the Circulant graph C,(1); p = 3n, n > 1 have three blocks of 7,-sets, it

implies b = #v,(C,(1)) = 3.

By Proposition 2.1, we have g = v,(C,,(1)) = |
contained exactly in a block.

p

3] , where ¢ is the number of elements

By virtue of the above facts, we have r = 1.

To obtain the m-associates for the elements, where 1 < m < |£]. The two distinct
elements are first associates, if they have jump size 1 and they are k' - associates
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(2 <k < |8]), if they have k jump sizes. These associates are as shown in Table
1 along with their matrix representations.

Association scheme

Elements First Second e k e p—;l
V(p—(k-1 d
P mod p)s
vy Up, Vg Up—1, U3 S | Tl AR Urpegls Uyl V142
U(l«&»k)(mr)d p)
V(p— (k-2 d
P mod p)s
Vg V1, U3 Up, V4 T R AR Upyrty Upptiy U2+2
V(2+k)(mod p)

U(p—(k—3))(mod p)>

(N]iS]

v —14 V- -1 1
U3 V2, V4 V1, Us Ve 3+2510 Usqproly Us+2
(34+k)(mod p)
o U(i=1)(mod p)s | V(i=2)(mod p)s | . | Vp—(k=i)(modp)s | . | Vli+25*)(mod p)? Vet ) modp)
2 . . . i+5)(mod p
U(i+1)(modp) | V(i+2)(mod p) U(i+k)(mod p) V(4221 1) (mod p) ?
Up Up_1, U1 Up—g, V2 : Up—ks, U, : Vo1, Vpiy vp

Table 1. Association schemes of C,(sy, Sa, ..., St).

By Table 1, the parameters of second kind are given by n; = 2 for 1 <i < 2% or

2
1§i§§—10rn§:1.

With the association scheme for the Table 1, we have the matrix representation of
the Circulant graph C,(s1, s2,...,s;) is

Ph P e p’f Pl
k k k
Pk _ D2 P - D, =1
k k k
Peghr Pegte - Pegty gt
or
p’fl P’f2 e p]f z
Pk _ Pgl pl§2 S p’; 4
kb ok
Poo Pr2 - Phyg

The possible values of k in the matrix P* are given below:
If k=1, then
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(ii) pszlforlgigl%l’j:pﬂ_i.
(iii) PZZZforlgigg_l’j:k_i-

with other entries are all zero.
Hence the parameters of first kind are given by v = p, b = 3, g = P—?-‘, r =1,
Am = 1, where m is a multiple of 3; otherwise, A\, = 0.

Theorem 2.2. The collection of all vs-sets of a Circulant graph C,(1); p = 3n+1,

n > 2 wertices form a PBIB-Designs with |5 | - association scheme and parameters
P P

arev=p,b=p, g=[%],r=1[%] and
2, ifm=3t-1t>1
A =1 [2] -1, ifm=3t-2t>1
(2] = [2], ifm=3tt>1.

Proof. For a given Circulant graph C,(1); p = 3n + 1, n > 2 vertices labelled as
U1, 02, ..., U,. By Proposition 2.1, we have v,(C,(1)) = %’]

Further, the Circulant graph C,(1); p = 3n, n > 1 have p blocks of 7,-sets, it
implies b = #75(Cy(1)) = p.
By Proposition 2.1, we have g = v,(C,,(1)) = |
contained exactly in a block.

p

3] , where ¢ is the number of elements

From the above facts, we have r = (g-‘
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To obtain the m-associates for the elements, where 1 < m < |£]. The two distinct
elements are first associates, if they have jump size 1 and otherwise they are k-
associates (2 < k < |£]), if they have k jump sizes. These associates are as shown
in the above Table 1 along with their matrix representations and the possible values
of k in P*.

Hence the parameters of first kind are given by v = p, b = p, g = (%W, r = %L
Am =2, where m =3t —1,t > 1; \,, = (%w — 1, where m =3t —2,¢t > 1 and

Am = [gw — (%L where m = 3t, t > 1.

Theorem 2.3. The collection of all vs-sets of a Circulant graph C,(1); p = 3n+2,

n > 2 vertices form a PBIB-Designs with |5 | - association scheme and parameters
P )

arev=mp, b=p, g= ’—g-‘,T: ’—3-‘ and
0, itm=3t—2;t>1
A = [%], iftm=3t—-1;t>1
(8] =%, ifm=23tt>1

Proof. For a given Circulant graph C,(1); p = 3n + 2, n > 2 vertices labelled as

V1,03, .., v, By Proposition 2.1, we have 7,(C,(1)) = [£].

Further, the Circulant graph C,(1); p = 3n + 2, n > 2 have p blocks of 7-sets, it
implies b = #7,(C,(1)) = p.
By Proposition 2.1, we have g = 7,(C,(1)) = ], where g is the number of elements
contained exactly in a block.

From the above facts, we have r = (%W

To obtain the m-associates for the elements, where 1 <m < |£]. The two distinct
elements are first associates, if they have jump size 1 and they are k"-associates
(2 < k < [£]) if they have & jump sizes. These associates are as shown in the
above Table 1 along with their matrix representations and the possible values of &
in P*.

Hence the parameters of first kind are given by v = p, b = p, g = (%L r = %L
An = 0, where m =3t -2, t > 1, \,, = (mL where m = 3t — 1, t > 1 and

3
Am = [g-‘ — %, where m = 3t, t > 1.

3. Circulant graph C,(|%])
The Circulant graph with jump size |£|; p > 4 vertices, is C,([£]).

Observation 3.1.
(i) (5 =C,();p=2n+1,n>1.
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(ii) The Circulant graph C,(|5]); p = 2n, n > 1 vertices contain n times of Ky's
and they are disconnected.

Proposition 3.1. For any Circulant graph C,(|%]); p > 4 vertices,

(@ ([2) = 5]

Proof. Let C,(|5]) be a Circulant graph with p > 4 vertices. Then the removal of

£ and %Ll) vertices yields a ~s-set, say D, which is greater than or equal to V — D

vertices and also (V' — D) is disconnected. Thus the result follows.

Theorem 3.1. The set of all v,-sets of a Circulant graph Cy([5]); p > 4 vertices
form a PBIB-Designs with [ %] - association scheme and the parameters are v = p,
b=p, g=15],r=1[8] and \py = [5] —m; 1 <m < |5].

Proof. For a given Circulant graph C,(|5]); p = 2n, n > 2 vertices labelled as
U1,V2, ..., Up.

By Proposition 3.1, we have v,(|5]) = |5].

Further, the Circulant graph C,(|2]); p = 2n, n > 2 have p blocks of ~,-sets, it
implies b = #7,(C,(15])) = p.

By Proposition 3.1, we have g = 7,(C,(|5])) = [5], where g is the number of
elements contained exactly in a block.

Association scheme
Elements First Second ce k

U(p—(k—1))(mod p)»
U1 Up, V2 Up—1, U3 e V1) (mod p) s Upye
mod p

V(p—(k—2 d
¥4 mod p)9
(%) V1, U3 Up, U4 ce (p=(k=2))( ) ce Va2

V(24-k)(mod p)
V(p—(k—3 d p)9
p moa p
U3 Vg, V4 U1, Us (U(;+k)z)( i) A Us+2

mod p

NS

U(i—1)(mod p)s | V(i—2)(mod p)s U(p—(k—1))(mod p)»
Vj T V(342 (mod
V(i+1)(mod p) UV(i4-2) (mod p) U(i+k)(mod p) SR ?)
Up Up—1, V1 Up—2, U2 T Up—k, Uk T vz

Table 2. Association schemes of C)(s1, S2,...,5); p (> 4) is even.
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From the above facts, we have r = [£].

To obtain the m-associates for the elements, where 1 < m < ng We consider
the two distinct elements as first associates, if they have jump size k and they are
| 2]th-associates (1 < k < [252]) if they have [2] jump sizes. These associates are
as follows in Table 2 along Wlth their matrix representations.

By Table 2, the parameters of second kind are given by n; =2 for 1 < j < £ —1,
ne =1 with the association scheme, we have the matrix representation of the
Circulant graph Cp(s1, Sa, ..., S¢) 18

k k k

Pui Pi2 -+ Pre
k k k

Pk _ Pa1 P - Dy 4
k k k

Ppy DPpy --- Ppop

2 2 2 2

The possible values of k in the matrix P* are given below:
If k=1, then

(i) py=1lfor1<i<E—1,j=i+1

(i) py=1fori=1+451<j<2—1.

[l

If2<k<%—1, then

(i) pfj:lfor1gjgg—l,i+j:k,j:k+iandi+j:p—k.

(i) pszlfor1§j§§—1,i:k+jandi—|—j:p—k.
If k=%, then pf, =2 for 1 <i <% —1and j = k — i with other entries are all
Zero.

Hence the parameters of first kind are given by v =p, b =p, g = [£], r = | 5] and
Am =[] —=m; 1 <m < [£].

4. Circulant graph with odd jump sizes

The Circulant graph with odd jump size C,(1,3, ..., |5]); p > 6 vertices is known as
a complete bipartite graph K, ,, where p; = py; that is, Cp(1,3,..., | B]) = Kp, s
)i p=

Proposition 4.1. For any Circulant graph Cy(1,3, ..., 5] dn—2 ordn—1,

n > 2 vertices, ) )
(G (13 [5])) = [5]
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Proof. Let Cy(1,3,...,|5]) be a Circulant graph with p > 6 vertices labelled as
V1, V9., 0y I D ={v; 14 =2kor2k+1;k > 1} is a ~,-set with respect to

Dy = DU{u,} of Cy(1,3,...,|2]), then v,(C,(1,3,..., |2])) < Fﬂ

Further, if D is any v,-set of C,(1,3,...,[5]) and hence |D| > [£]. Thus the result
follows.

Theorem 4.1. The collection of all v,-sets of a Circulant graph  Cp(1,3,...,|5]);

p=4n —2, n > 2 vertices form a PBIB-Designs with |t ]-association scheme and

parameters are given by v =p, b=2, g = [g-‘ ,r=1 and

1, ifm=2t>1
)\m:{o7 tm =

otherwise.

Proof. For a Circulant graph Cp(1,3,...,|5]); p=4n—2, n > 2 vertices labelled
as vy, V2, ..., Up.
By Proposition 4.1, we have v,(Cy(1,3,...,[5])) = [gw

Further, the Circulant graph with odd jump sizes Cy(1,3,...,|5]); p = 4n — 2,
n > 2 have two blocks of v4-set, it implies

b= #7,(C,(1,3, ... LSJ)) — 2.

Association scheme

Elements First Second e k e %

U(p—(k—1 d
p mod p)9
1 Up, V2 Up—1, U3 T = 2 ) T | Vg1, Upgp-tlg
V(14-k)(mod p) 2 2

V(p—(k—2 d
P mod p)9
Vg U1, U3 Up, V4 e = 2 ) e 'UQ_;'_D? U2+E+1
V(24-k)(mod p) 2 2

Y(p—(k—3))(mod p)s

U3 U2, Uy U1, Us V(34k)(mod p) Ugpezt, Ugpp-ly
. V(i=1)(mod p)> | Vi=D(mod )5 | | Vo—(e=i)modp)s | | U+E5t)omod p)?
i
V(i+1)(mod p) V(i4-2) (mod p) U(i+k)(mod p) U(H»%%»l)(mod p)
Up Upfla U1 ’Up727 (% e ,Upflﬁ (% e ’UE, ,UL*l_i_l

2 2

Table 3. Association schemes of C)(s1, S2,...,5t); p is odd.
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By Proposition 4.1, we have g = 7,(Cy,(1,3,...,[5])) = Pﬂ , where ¢ is the number

of elements contained exactly in a block.
From the above facts, we have r = 1.

To obtain the m-associates for the elements, where 1 <m < |£]. The two distinct
elements are odd associates, if they have odd jump size and they are even associates
(2 <k < |£]) if they have even jump sizes. These associates are as shown in Table
3 along with their matrix representations.

By Table 3, the parameters of second kind are given by n; = 2 for 1 <i < 7%1 and
ne = 1.
2

With the association scheme for the Table 3, we have the matrix representation of
the Circulant graph with odd jump sizes Cp(s1, Sa, ..., St); p (> 6) vertices is

Ph P oo p’f =
k k k
ph_ P21 D22 S D, p=1
k ' k k
Piesiy Pty o Pregty (2t

There fore the possible values of k in the matrix P* are given below:
If k=1, then

(i) ph=1for 1<i<Brt—1j=i+1.

(ii) p=1for 1<j<Bl—1i=1+j.

—

<

If2 <k <22 then
() phi=1for 1<i<P2 i+j=k j=k+iandi+j=p—k
(ii) pf=1for 1<j<B2 i=k+jandi+j=p—k.

If k = 21, then

.
|

(i) pszl,forlgigp%‘g,

(i) pf =1, for 1 <i < B

.
I
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with other entries are all zero.

Hence the parameters of first kind are given by v = p, b = 2, g = P—T‘, r =1,
Am = 1;m = 2t where t > 1 and otherwise A, = 0.

Theorem 4.2. The collection of all ys-sets of a Circulant graph C,(1,3,...,|5]);
p=4n —1, n > 2 vertices form a PBIB-Designs with |5 |-association scheme and
parameters are v = p, b = p, g = Pﬂ, r = Pﬂ and N\, = [%W sm o= 2t — 1,
t>1.

Proof. For a given Circulant graph Cy,(1,3,...,|5]); p = 4n — 1, n > 2 vertices
labelled as vy, va, ..., .
By Proposition 4.1, we have v,(C,(1,3,...,[5])) = [g-‘
Further, the Circulant graph with odd jump sizes Cy(1,3,...,|5]); p = 4n — 1,
n > 2 have p blocks of ~,-sets, it implies

p

b= #7(Cp(L,3,..., |_§J)) =D

By Proposition 4.1, we have g = 7,(Cy(1,3, ..., [5])) = [g-‘ , where g is the number

of elements contained exactly in a block.

From the above facts, we have r = [g—‘ :

To obtain the m-associates for the elements, where 1 < m < |£]. We consider
the two distinct elements odd associates, if they have odd jump size and they are
even associates (2 < k < [£]) if they have even jump sizes. These associates are
as shown in the above Table 3 along with their matrix representations.

Hence the parameters of first kind are given by v = p, b =p, g = {g—‘, r = {g—‘
and A\, = [%-‘ form=2t—1,¢t>1.

5. Circulant graph with even jump sizes
The even jump size (2,4, ..., [5]) of Circulant graph is denoted by C,(2,4, ..., [5])
with p > 4 vertices.

Proposition 5.1. For any Circulant graph C,(2,4, ..., 2]) with p > 4 vertices,

7w (6 (240 ]E])) =2 2

Proof. Let Cy(2,4,...,[5]) be a Circulant graph with p > 4 vertices. Since the
Circulant graph C,(2,4,...,[%]) is a (2n — 1)-regular for p > 4 vertices. Hence
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Y5 (Cp (2,4,..., [E])) = 2 follows.

2

Theorem 5.1. The collection of all v,-sets of a Circulant graph Cy(2,4,...,|5]);
p > 4 wertices form a PBIB-Designs with |%]-association scheme and parameters
arev=p,b=p, g=2,r=2 and

Amz{l’ ifm =1

0, otherwise.

Proof. For a given Circulant graph Cy,(2,4,...,|5]); p > 4 vertices labelled as
U1, V2, ..., Up.

By Proposition 5.1, we have v,(Cp(2,4,...,[5])) = 2.

Further, the Circulant graph with even jump sizes C,(2,4,...,|5]) with p > 4
have p blocks of vs-sets, it implies

b= #7(Cpl2.4..... [2]) =p.

By Proposition 5.1, we have g = 75(Cp(2,4,...,[5])) = 2, where g is the number

of elements contained exactly in a block.

[S14S]

From the above facts, we have r = 2.

To obtain the m-associates for the elements, where 1 < m < [£]. Two distinct
elements odd associates, if they have odd jump size and they are even associates
(2 < k < |£]) if they have even jump sizes. These associates are as shown in Table
2 along with their matrix representations and the possible values of k in P*.

Hence the parameters of first kind are given by v = p, b = p, g = 2, r = 2 and
Am = 1 where m = 1 and \,,, = 0; otherwise.

6. Circulant graph C,(1,2,...,[%])

The jump size of circulant graph is 1,2,..., %], known as complete graph K,

with p > 3 vertices, that is, C, (1, 2,..., L%’J) = K,.

Theorem 6.1. The collection of all ys-sets of a Circulant graph — Cy(1,2,3,...,[5]);
p > 3 wvertices does not form a PBIB-Designs.

Proof. Since C, (1, 2,..., ng) = K,; p > 3 vertices with every pair of vertices are

adjacent. Hence v;-set of C), (1, 2,..., ng) does not form.
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